Background
The Bernoulli polynomials of the second kind b n (x) are given by the generating function When x = 0, b n = b n (0) are called Bernoulli numbers of the second kind. The degenerate version of the Bernoulli polynomials of the second kind are called Korobov polynomials of the first kind. We note here that the Carlitz degerate Bernoulli polynomials were rediscovered by Ustinov under the name of Korobov polynomial of the second kind (see Pylypiv and Maliarchuk 2014; Ustinov 2003) .
The Daehee polynomials D n (x) are defined by the generating function For x = 0, D n = D n (0) are called Daehee numbers. The Korobov polynomials K n ( , x) of the first kind are given by the generating function (1.1) t log (1 + t)
(1 + t) x = ∞ n=0 b n (x) t n n! , (see Kim et al. 2014 Roman 1984) .
(1.2) log (1 + t) t (1 + t) x = ∞ n=0 D n (x) t n n! , (see Kim et al. 2014 .
(1.3) t (1 + t) − 1 (1 + t) x = When x = 0, K n ( ) = K n (0 | ) are called Korobov numbers of the first kind.
In the following, we will review very briefly some necessary things on umbral calculus. Our basic reference is Roman (1984) . Also, one is asked to look at more recent papers on umbral calculus (Nisar et al. 2015; Srivastava et al. 2014) .
Let C be the complex number field and let F be the set of all formal power series in the variable t over C with Let P = C[x] and let P * be the vector space of all linear functionals on P. For L ∈ P * , the action of the linear functional L on a polynomial p(x) is denoted by � L|p(x)� with where c is a complex constant (see Kim 2014; Roman 1984) .
For f (t) = ∞ k=0 a k t k k! ∈ F , we define a linear functional on P by setting Thus, by (1.5), we easily get where δ n,k is the Kronecker's symbol. Let f L (t) = ∞ k=0 L|x k t n k! . Then, by (1.6), we get f L (t) x n = � L|x n �. Additionallly, the mapping L � → f L (t) is a vector space isomorphism from P * onto F. Henceforth, F denotes both the algebra of formal power series in t and the vector space of all linear functionals on P, and so an element f (t) of F can be regarded as both a formal power series and a linear functional. We refer to F as the umbral algebra. The umbral calculus is the study of umbral algebra (see Kim 2014; Roman 1984) . From (1.6), we can easily derive e yt x n = y n . So e yt p(x) = p y . The order o f (t) of a power series f (t)(� = 0) is the smallest nonnegative integer k for which the coefficient at t k does not vanish. For f (t) ∈ F and p(x) ∈ P, we have Thus, by (1.7), we get From (1.8), we note that Let f (t), g(t) ∈ F such that o f (t) = 1 and o g(t) = 0. Then there exists a unique sequence s n (x) deg s n (x) = n of polynomials such that g(t)f (t) k s n (x) = n!δ n,k , for
(1.5) f (t) x n = a n , for all n ≥ 0, (see Kim et al. 2014; Roman 1984) .
(1.6)
(1.9) Roman 1984) .
n, k ≥ 0. The sequence s n (x) is called the Sheffer sequence for the pair g(t), f (t) , which is denoted by s n (x) ∼ g(t), f (t) . For s n (x) ∼ g(t), f (t) , we have and Here f (t) is the compositional inverse of f (t) (see Kim and Mansour 2014; Roman 1984) . The conjugation representation for s n (x) ∼ g(t), f (t) is given by Let us consider the following two Sheffer sequences:
Then, we have where The first degenerate version of the Bernoulli polynomials of the second kind appeared in the paper by Korobov (2001; 1996) . In this paper, we study two degenerate versions of the Bernoulli polynomials of the second kind which will be called Korobov polynomials of the third kind and of the fourth kind. Some properties, identities and recurrence relations for them are investigated by using umbral calculus. In addition, some connections with other polynomials are studied for which one refers to the related papers (Dattoli et al. 2006 (Dattoli et al. , 2004 .
Korobov polynomials of the third kind and of the fourth kind
Now, we introduce Korobov polynomials of the third kind K n,3 (x | ) and of the fourth kind K n,4 (x | ), respectively, given by the generating functions and (1.10) f (t)s n (x) = ns n−1 (x), (n ∈ N ∪ {0}),
(1.12) Carlitz 1979; Roman 1984) .
(1.13)
(1.14) Kim et al. 2014; Roman 1984) .
(2.1)
(0, ) and K n,4 ( ) = K n,4 (0 | ) are called Korobov numbers of the third kind and of the fourth kind, respectively.
As all
We observe first that K n,3 (x | ) and K n,4 (x | ) are Sheffer sequences for the respective pairs t log (1+ (e t −1)) , e t − 1 and e t −1 log (1+ (e t −1)) , e t − 1 . That is, and From (1.12) and (2.2), we have We observe that (2.2) log (1 + t)
(2.5)
where S 1 (n, m) is the Stirling number of the first kind defined by Therefore, by (2.4) and (2.5), we have Theorem 1 For n ≥ 0, we have From (1.12) and (2.3), we have
We observe that Therefore, by (2.6) and (2.7), we obtain the following theorem.
Theorem 2 For n ≥ 0, we have
By (1.6) and (2.1), we easily get
(2.7)
Thus, by (2.8), we get
From (1.6) and (2.2), we note that Thus, by (2.10), we get From (2.2), we note that (2.8)
(2.10)
By (2.12), we get
We observe that Thus, by (2.13) and (2.14), we have (2.12)
(2.13)
(2.14)
(2.15)
where S 2 (n, k) is the Stirling number of the second kind given by Therefore, by (2.15), we obtain the following theorem expressing K n,3 (x | ) in terms of the Stirling numbers of the first kind and of the second and Daehee numbers. where B n is the n-th Bernoulli number given by the generating function
(2.16)
(2.17)
18)
B n t n n! , see Bayad and kim 2010; Kim et al. 2012 . 
(2.20) 
(2.23)
(2.24)
(2.26) Kim and Kim SpringerPlus (2015) 4:608 Thus, by (2.26), we get Therefore, by (2.21), (2.23), (2.25) and (2.27), we obtain the following theorem expressing K n,3 (x | ) and K n,4 (x | ) both in terms of falling factorial polynomials. Also, we express K n,3 (x | ) and K n,4 (x | ) respectively by Bernoulli polynomials of the second kind and Korobov polynomials of the first kind.
Theorem 5
For n ≥ 0, we have and It is easy to see that
For n ≥ 1, we have Thus, by (2.29), we get
(2.28)
(2.29)
(2.30)
From (2.3), we note that
For n ≥ 1, by (2.31), we get Thus, by (2.32), we have Therefore, by (2.30) and (2.33), we obtain the following theorem.
Theorem 6
For n ≥ 0, we have and (2.31)
(2.32)
(2.33)
For s n (x) ∼ g(t), f (t) , we note that Sheffer identity is given by By (2.2) and (2.34), we get
. From (2.3) and (2.34), we have where p n (x) = e t −1 log (1+ (e t −1)) K n,4 (x | ) = (x) n . By (1.10), we see that and From (2.37) and (2.38), we have By (1.10) and (2.3), we get Thus, by (2.40), we have Therefore, by (2.35), (2.36), (2.39) and (2.41), we obtain the following theorem.
Theorem 7
For n ≥ 0, we have and (2.34) s n x + y = n j=0 n j s j (x)p n−j y , where p n (x) = g(t)s n (x).
(2.35)
(2.38)
(2.39) 
(2.43)
(2.44)
(2.45)
(2.46)
We observe that and By (2.48), we get
For n ≥ 1, from (2.46), (2.47) and (2.49), we have Therefore, by (2.50), we obtain the following theorem.
(2.47)
48)
(2.49)
(2.50) 
(2.51)
(1 + t) − 1 (1 + t) y x n−1 , (2.52)
log (1 + t)
(1 + t) − 1 ∂ t (1 + t) y x n−1 = y log (1 + t)
(1 + t) − 1 (1 + t) y−1 x n−1 = yK n−1,4 y − 1 | .
(2.53)
(1 + t) − 1 = 1+ t (1 + t) − 1 − log (1 + t) (1 + t) −1
(1 + t) − 1 2 = t
(1 + t) − 1 1 t 1 1 + t − log (1 + t)
(1 + t) − 1 (1 + t) −1 .
From (2.51), (2.52) and (2.54), we have Therefore, by (2.55), we obtain the following theorem.
Theorem 10 For n ≥ 1 , we have
Let us consider the following two Sheffer sequences:
(2.54)
(1 + t) − 1 (1 + t) y x n−1 = t
(1 + t) − 1 (1 + t) −1 (1 + t) y x n−1 = 1 n t (1 + t) − 1 1 1 + t − log (1 + t)
(1 + t) − 1 (1 + t) −1 (1 + t) y x n = 1 n 1 1 + t − log (1 + t)
(1 + t) − 1 (1 + t) −1 (1 + t) y t
(1 + t) − 1 x n = 1 n 1 1 + t − log (1 + t)
(1 + t) − 1 (1 + t) −1 (1 + t) (2.56) K n,3 (x | ) ∼ t log 1 + e t − 1 , e t − 1 ,
(n) = x(x + 1) · · · (x + (n − 1)) ∼ 1, 1 − e −t .
